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Abstract 
The techniques contained within this paper describe a mechanism for integrating empirical and qualitative 
knowledge into continuous numeric formulations using fuzzy set theory. Aggregated knowledge sources are 
combined into a structure called an interaction matrix. Each knowledge source is considered separately and 
variables within each group are graded in terms of fuzzy membership functions -from the least to the most 
influential and their affect (positive or negative) on the property under examination. Variables are partitioned into 
the matrix that is crossed with weightings that give a measure of tile importance of each variable in determining 
an overall membership index. The means for obtaining these weightings from domain knowledge by interview 
are described. With data sets that are sufficiently large, weightings can be derived automatically by using a least 
squares analysis. The impact of various variables on decision making can be assessed by considering a knowledge 
weighted index and its impact in relation to an idealized membership function. An example of the methodology 
is described which determines biophysical/and capability for wheat crop production. 

1.0 Introduction 

This paper describes a methodology for producing a 
knowledge weighted index from information derived 
from multi-dimensional fuzzy membership functions. 
The process can be used to aid decision making 
processes by allowing any number of disparate 
variables (both continuous and discrete) to be 
incorporated into a single weighted index function. 
Information can thus be collected from both 
quantitative and qualitative data sources and combined 
to give an overall continuous numerical assessment of 
the collective interaction of the variables as well as 
their impact on the decision to be made. 

The technique has a wide range of applications and can 
be used in many diverse fields. An example of its use 
is demonstrated in this paper for evaluating the 
selection of suitable crops in agriculture. In such 
domains the prime perfonnance index is crop yield and 
naturally this is the feature we wish to maximise. 
There are however any number of factors that can 
influence crop yield. 

In making decisions about which crops to plant, land 
managers need to consider a wide range of criteria. 
Some (but not all) of these criteria are: 

• biophysical land characteristics - rainfall, 
slope, geology, climate, soil characteristics, etc; 

• s o ci o - e c ono mic c o n d it ions - is 
crop X required or desirable? 

• management ability - do farmers have any 
familiarity with the production of the crop X? Is 
a lack of familiarity likely to affect crop yield? 

• environmental impact - what are the long 
and short term environmental impacts of growing 
crop X? 

• local infrastructure - can crop X arrive at its 
market in a timely fashion? 

• political opportunities and constraints -
are there financial or other incentives (or 
disincentives) to grow (or not to grow) crop X? 

The correct crop to select is a decision that relies on a 
synthesis of all the above mentioned criteria. 
Techniques based on fuzzy set theory, for 
synthesising these criteria into a systematic and 
sound decision making methodology are described by 
this paper. An example of the methodology is 
described which determines biophysical land 
capability for wheat production. 

2.0 Methodology 

The methodology involved relies on the construction 
of a structure called an interaction matrix. The 
interaction matrix is constructed from an aggregation 
of graded membership functions for each of the 
decision criteria. 
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The methodology can be summarised by three key 
steps; 

1. fuzzy membership functions give a non-
dimensional value for a variable with respect to 
the way it contributes to a overall result, e.g. 
rainfall is important to crop yield but too much 
rain will sodden the soil profile. The 
membership function for rainfall versus yield 
approximates a normal distribution, too little 
rainfall is as bad as too much; 

2. assignment of weightings to the membership 
functions according to the assessed importance 
of the interplay of the variables, e.g. soil types 
will affect crop yields but rainfall is even more 
important than soil type; 

3. the combination of the membership functions 
[(1.) above] together with their respective 
weightings into an interaction matrix, i.e., all 
the parameters that affect yield have a 
membership function, e.g., rainfall versus yield, 
soil types versus yield and so on. These 
membership functions are combined according 
to the overall importance [(2.) above] of each 
parameter and a new membership function called 
a knowledge weighted index (KWI) is created. 
The KWI is a membership function mapping 
the KWI to yield. 

2.1 Fuzzy Set Theory and 
Membership Functions 

Classical set theory has no sensible way to handle 
m1certainty. Zadeh[ll] introduced fuzzy set theory as a 
means for dealing with inexact concepts (see also 
Zadeh[12, 13, 14]). 

Intuitively, a fuzzy set (like a classical set) is a well-
defined collection of elements or ideas. Elements of 
the fuzzy set can be represented by natural language or 
numeric values. The definition of a set can be 
represented by using the membership function J.L4(X). 
The membership function of a fuzzy set defines the 
grade of membership of x belonging to the fuzzy 
setA. 

As an example consider the fuzzy proposition "A is a 
small integer less than 5"[2]. The domain of discourse 
is the integers X = {0, 1, 2, 3, 4, 5} and the meaning of 
the fuzzy predicate small when applied to the integer 
elements in X is: 

A= small(A) = {1 I 0,1 I 1,0.8 I 2, 

0.6 I 3,0.4 I 4,0.2 I 5} 

A term like 0.8/2 expresses the degree to which an 
integer 2 is compatible with our understanding of the 

meaning of the fuzzy proposition "A is a small 
integer less than 5". 

Fuzzy sets are used to define a type of uncertainty 
characterising objects that, for various reasons, cannot 
have, or do not have, sharply defined boundaries. 
Unlike classical set theory, the membership between 
the set and element can be take any value in the unit 
interval [0, 1]. In other words, an element does not 
necessarily either belonging to the set or not, but can 
be a member of the set to a certain degree. Whenever 
we have to deal with ambiguity, vagueness and 
uncertainty in mathematical or conceptual models of 
empirical phenomena, fuzzy sets may be an 
appropriate representation. 

Simplified, fuzzy set theory distinguishes three kinds 
of uncertainty [6]: 

• generality - that a single concept applies to a 
variety of situations, e.g., "It was a warm day."; 

• ambiguity - that a single concept embraces 
more than one distinguishable sub-concept, e.g., 
"That blue thing on the dresser."; 

• vagueness that precise boundaries are not 
defmed, e.g., "I recall that student scored between 
Pass and Credit.". 

We have already seen a fuzzy set from the "A is a 
small integer less than 5" example above. Formally 
speaking a fuzzy set can be defmed as follows: 

If X= {x} denotes a space of objects, then the fuzzy 
set A in X is the set of ordered pairs, 

A= {X,J.L4(X)} X EX 

where J.L4(x) is the grade of membership of x in the 
fuzzy set A and x E X means that x is an element of 
the domain X. · 

Usually J.L4(X) ranges over the unit interval [0, 1] 
with 1 representing full membership in the set and 0 
non-membership. The grades of membership of x in 
A reflect a partial ordering that is not based on 
probability but on admitted possibility. The value of 
J.L4(X) of the object x in A can be interpreted as the 
degree of compatibility of the fuzzy predicate 
associated with set A and object x. In other words, 
J.L4(X) of x in A specifies the extent that x can be 
regarded as belonging to A, e.g., in our example 
small is the fuzzy predicate associated with A and 
X EX= {0,1,2,3,4,5} 

The membership function of a fuzzy set defines how 
the grade of membership of x in A is determined. It 
is used to describe the "vague" characteristic of a fuzzy 
set - or more particularly the fuzzy predicate that 
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qualifies elements of the set. The assignment of the 
membership function of a fuzzy set should ensure that 
the grade of membership is 1 at the "centre" of the set 
-where membership is certain- and that it falls off in 
an appropriate way through the fuzzy boundaries to 
the region outside the set where it takes the value 0 -
elements not contained in the domain of the fuzzy set 
are assumed to have a 0 membership in that set A 
membership function can thus be used to describe any 
distribution of membership between the set and 
elements, i.e., in our example the "center" of the set 
is shared by elements 0 and 1 with the boundary 
element explicitly defined at the integer 5 . 

An example of a graded membership J1A(X) of a 
considered variable ( x) is; 

J..lA(x) = 

0 X :5;; Vt 

1-
(v,- x) 

Vt :5;; X~ V2 
(V2- Vt) 

1- (Vl- X) V> :5;; X::;; Vl 
(Vl- V>) 

0 X> V3 

Where J1A(X) is the degree of graded membership of 
x. V• is the minimum value for which membership 

is valid. V2 is the optimal value for membership. V3 

is the upper limit for membership. x is the measured 
value. 

Graded membership functions can be represented in 
different forms according to the family of function 
represented by the property itself. For example, we 
have mentioned that the membership function for 
rainfall versus yield is described by a normal 
distribution. Soil type versus yield is a step function 
with each soil type having an associated yield index. 
The distribution for soil salinity versus yield is a 
decreasing polynomial. The point is that the 
preferential criteria - good, better, best and so on - are 
relative to the original distribution for the property 
against the characteristic to be optimised, in this case 
crop yield. The distribution may be linear, normal, 
polynomial, cubic, hyperbolic etc. As a consequence, 
so too the fuzzy membership function is related to the 
original property distribution w.r.t. crop yield in our 
case. The membership function describes how, and to 
what degree, one variable value assumes the 
characteristic of the fuzzy set. 

2.2. Weighting Assignment 

A horizontal vector in an interaction matrix represents 
the weights for each factor according to the assessment 
of the importance of the factors with respect to each 

other in determining an outcome - in this case the 
impact of these factors on crop yield. Where sufficient 
experimental data sets exist, these data can be used to 
determined the horizontal vector by least square 
analysis[3,4]. However, where the data sets are 
incomplete or do not exist, a domain expert can assign 
weightings according to experience. 

As the weighting sets are mostly determined by local 
circumstances, this treatment makes the model easily 
adapted universally, i.e. the local experts can express 
their own values or experiment with alternatives. 

To help the expert perform weight assignment, we use 
a weighting determination table such as Table 1. 

Importance of 
variable 

least important 
marginally important 
important 
very important 
most important 

Value assigned 

1 
3 
5 
7 
9 

Table 1: Weighting Determination Table 

Values were chosen from this table to represent the 
considered importance of a variable (Vi). The 
weighting Wi of a variable is determined by: 

V; 
W;=--Ln 

Vi 
i=1 

where Wi is the weighting of the variable vi . vi is 
the value of the considered importance of the variable 

Vi . ""'Yi is the sum of the importance of the values L-,=1 
for this variable. 

This method is similar to that described by Saaty[7] 

ensuring ""' jv, = 1. L-,=1 

2.3 The Interaction Matrix 

A graded membership of J1(x), for a given value of 
Xi gives a measure of degree of membership of Xi in 
the set A . The degree of membership is rule based. If 
x1, x2, .... , Xn are members of the set A, then degrees 
of membership of Xi can then be defmed relative to 
these members on a scale of 0 to 1. 

The rules governing graded membership are determined 
through the relationship between members of the set, 
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e.g., linear, cubic, hyperbolic etc, where the overall 
result is determined by the interplay of the various 
sets. The graded membership of given values in the 
sets are interrelated by weights that give estimates of 
the importance of the sets, given by the graded 
membership, and with respect to each other, in 
determining an outcome. This is done in the 
interaction matrix where weightings form a horizontal 
vector and graded membership a vertical vector. 

For example the interaction matrix: 

(1) 

where Wl, w2, ...• , wn are weightings to give the 
possible interaction of the sets and the elements of the 
vector J.ll,J12, .... ,Jln, with each other. J1I,J12, .... ,Jln 
are the graded membership of the variables in the sets 
considered. A is the aggregated weighted index. 

2.4 Operation of Interaction Matrix 

Assume the object set C = {Cl, C2, ... , C.} and the 
oQject's attribute set X= {X1,X2, ... ,Xm}, where X; 
is a fuzzy subset of C. Given the grade membership 
of each object to each attribute, 

J.lXii( Ci) = '}'ij yE (0, 1] for i E (0, 1] andj E (1, n] 

then the fuzzy relationship matrix of C to X is; 

C1 C2 Cn 

Xr·· Yl.2 r•., ] 
R= ~-l ~~:~. 

y2,2 
-~-~·.n (2) 

Xm )m,! rm.l Jm,n 

If weigbtings (a;) are given to each attribute X; a 
normalised fuzzy set or a fuzzy vector on X is given 

by A= (ai,a2, ... ,am) where, ""~; = 1 and 0 ~a;~ 1, 
.L.t,=l 

i.e. there is more than a single weighting. 

The comprehensive evaluation result .!lis: 

!!=A·R 

where.B.isafuzzyseton C, B=(bl,b2, ... ,bn). The 
preferential object in the fuzzy set .IL is 
J.l(B*) = max(b1,b2, .. ,bn). 

There are a number of ways we can consider 
combining the matrices A and R. They can be crossed 
using a number of algebraic variants[15]: 

bj = V (a;" '}'ij); (3) 

i =I 

m 

bj = V (a; o }'ij); (4) 
i =I 

m 

bj= L(ail\'}'ij); (5) 
i=l 

m 

bi = L (a; o Yii ); (6) 
i=l 

(3) and (4) are called primary factor determination 
types: the primary factor determines the result. (5) and 
(6) highlight the primary factors but also consider 
secondary factors. (4) and (6) accord weightings by 
considering all factors with equal influence. Note that 
these naturally are not the only composition 
operators. Generally we can use a T- j_ composition 
where T and j_ are T -conorm and T-norm respectively 
but only a subclass of T-conorms and T-norms are 
associative. Note that (3) and (4) always give a 
bi i!: [0, 1], i.e . .!l. is a fuzzy subset of C even if 

Lg;
1 

::t-1 with a; E [0, 1]. (5) and (6) can only be used 

if Lg\ = 1 otherwise bj i!: [0, 1] and .B. would not be a 

fuzzy subset of C. 

The four operators can be used to compute an 
evaluation under varying domain circumstances. (6) 
will be suitable in most domains but (4) should be 
used for Markovian processes for instance. (6) will 
resume to a convex weighting of the m fuzzy subsets 
of X; [15]. The more the agreement between the 
models, the greater the confidence in the result. 

2.5 Multi-level interaction Matrix 
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Variables in a system typically interact in a 
complicated fashion. In any non-trivial system many 
factors will influence a final outcome and each needs 
to be considered. Factors may also exist at several 
levels of influence. Weights are assigned for each 
factor with respect to each other, a relatively easy task 
for the domain expert. However, it is practically 
impossible to obtain a reliable weighting set from any 
expert when all factors are considered simultaneously. 
One reason for this is that people have more 
confidence comparing the relative important of factors 
in smaller rather than larger groups. 

As a consequence, in our methodology, we divide the 
entire factor set into several smaller sets, e.g., soil, 
climate etc. In doing so, the domain expert can assign 
a weighting within each group of variables without 
being required to consider all interactions 
simultaneously. 

The principle of a multi-level interaction matrix is to 
divide the variables according to their properties into 
sets. The interaction matrix for each set is termed a 
first level aggregated weighted index. The next level is 
to combine the aggregated weighted index for each set 
in a relationship matrix. This matrix operates the 
overall weighting set associated with each set to 
obtain a multi-level comprehensive result[l]. 

The process of formulating a multi-level interaction 
matrix is: 

To a given set A, if C is one of n elements on 
A and satisfies the relation, 

n 
UA;=A where Ait1Ai=0,i:Fj 
i=l 

then C is one division to A . The division set of C 
on A can be assigned as: 

AIC={A1,A2, ... ,An}, Ai={Aik} with i=1,2, ... ,n 
and k = 1,2, ... ,m .. 

m 

where Ai has k factors and A has 'L ki factors. 
i=l 

The multi-level interaction matrix can be formulated 
as: 

Where A* is the multi-level aggregated weighted 
index. WAi is the comprehensive weightings for each 

set. Ai is the aggregated weighted index for each set 
obtained from equation (2). 

3. Example for Land 
Evaluation for Wheat Farming 

In an analysis of yields in wheat, Sun[9] used the 
following interaction matrix A * : 

(:~) (wif Wr Wl) ~ 

A*= (We Ws) [J.lsr l 
(wn W•d llpH wo wn) :g (8) 

Wif, Wr, Wz are the weightings given to growing 
season rainfall, growing season temperature and length 
of growing season with respect to the importance of 
each compared to the others, and Wif + Wr + Wz = 1. 0 

J.L<t,J.lsd,J.IpH,J.lsi,J.lss are graded membership functions 
for soil texture, soil depth, soil pH, slope and soil 
salinity respectively. 

Wst, Wsd, WpH, Wst, Wss are weightings given to each 
soil variable w.r.t. each other, and 
Wsr+ Wsd+ WpH+ Wsl+ Wss = 1.0. 

We is a comprehensive climate weighting and Ws is 
the comprehensive soil weighting. 

A * is the aggregate weighted index. 

The graded membership were derived using fuzzy set 
membership functions, obtained originally from 
empirical data, and readily available in the agricultural 
literature. For example, it is well-known that the 
membership function defined for soil pH suitable for 
growing wheat is : 

0 X <4.5 
1- 6·5-x 4.5 ~ x < 6.5 

2 
J.L(X)= 1 6.5~x<8.0 

9.5-x 80< 9 . -X< 
1.5 

0.33 x~9 

AustralinnJournal of Intelligent Information Processing Systems- Voll, No.l March1994 

5 



6 

where Jl(x) is the grade of membership related to the 
degree of suitability of a given pH ( x) for growing a 
wheat crop. 

The weightings were assessed in two ways: (1) from 
expert knowledge obtained by the methods described in 
Section 2.2, and (2) by solving for weightings in the 
data sets by least square analysis method. 

The relationship obtained between yield and the 
aggregated weighted index is shown in Fig. 1. 

.-. «< 

.e 
"' ~ g 
:s 
Q) ·;;;_ 
c 
'(;l ... 
CO 
't;j 
Q) .c 

:::: 

6 

5 

4 

3 

2 

1 

0.584 0.634 0.734 0.834 
Aggregated weighted index A* 

Figure 1. Wheat grain plotted against the aggregated 
weighted index. Weightings assigned by human 
expert 

The best fit distribution for KWI versus yield is 

y = 0.014x 103.149x R2 , where R2 = 0.95. This has 
a high correlation with unseen experimental data. A * 
in this case gives a measure of the biophysical land 
capability for growing wheat as it combines weights 
accordingly the climate and soil variables for growing 
wheat. A* can subsequently be used for decision 
making by assessing land suitability for wheat 
growing in terms of climate, soil texture, soil depth, 
soil pH, slope, salinity, rainfall, temperature, and the 
duration of growing season. 

We can further sophisticate the examples by 
considering the current economic climate that may 
impact upon any decision to grow wheat. Consider, 
hypothetically, that the yield required to survive as a 
wheat farmer is in the range of 0.8 to 1.2 tonne/ha. 
Subsequently, the decision tree for determining la..1d 
suitability can be described as follows: 

A*< 0.58 unsuitable 
0. 58 ~ A* < 0. 62 marginal 

JlE(X)= 0.62~A*<0.68 suitable 
0.68 ~A*< 0. 72 recommended 
A* ~ 0. 72 strongly recomended 

Hence after obtaining A* from the interaction matrix 
of (8), the use of the above rules aids in deciding the 
suitability of a given parcel of land for growing wheat 
on the basis of biophysical and economic 
considerations . 

A more extensive comprehensive evaluation model 
that aids in decision making for agricultural 
applications and includes economic, management and 
environmental impact, in addition to biophysical 
features has been developed by Sun et. al[8,9]. 

4.0 Discussion 

The methodology described here gives a simple and 
effective means of incorporating interdisciplinary 
knowledge, both empirical and human derived, into 
one comprehensive model. The advantage of the 
methodology is that the user, by way of weightings, 
can estimate how the interplay of variables will affect 
the end result. This gives the expert an ability to 
experiment with the combined effects of different 
conditions on the overall outcome. It also provides a 
mechanism for verifying that weightings are 
appropriate by comparing the outcome with a prior 
case. When the outcomes of recorded, cases correspond 
to those produced by the method and this reinforces 
confidence in the assigned weightings. 

The expert's active participation in decision making, 
and comparison of the results obtained as a 
consequence of giving different weightings, is a great 
aid in decision making. Though this process continual 
dynamic adjustment of weightings can be made. 
Extensions to the work currently under investigation 
include automating the assignment of weightings 
through symbolic and sub symbolic machine learning 
techniques[4,5]. 

5.0 Conclusions 

An example of the methodology presented is shown to 
determine the biophysical land capability for wheat 
production. The technique can be extended to 
demonstrate how land management decisions can be 
made on the basis of economic and enviroiLmental 
rationale. 
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The impact of various variables on the primary 
decision making index (in this case crop yield) can be 
assessed by considering a knowledge weighted index. 
Variables are partitioned into the matrix that is crossed 
with weightings that give a measure of the importance 
of a variable in determining an overall membership 
result. 

The means of obtaining weightings from domain 
knowledge by interview are described. With data sets 
that are sufficiently large, weightings can be derived 
automatically by using a least squares analysis[9]. 

The technique described in this paper gives a 
mechanism for integrating empirical and qualitative 
knowledge into continuous numeric formulations 
using fuzzy set theory and has proven effective in 
decision making for land management crop choices. 
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